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E-mail address: amat@ifm.maschinenbau.uni-kassThe simultaneous twoscale analysis of unidirectionally ﬁber reinforced composite structures with atten-
tion to damage evolution is the objective of the contribution. The heterogeneous microstructure of the
composite represents the microscale, whereas the laminate or the structural component are addressed
as the macroscale. The macroscale is conventionally discretized by the ﬁnite element method (FEM).
The generalized method of cells (GMC) in its efﬁcient stress based formulation serves as the discrete
microscale model. The stiff and brittle ﬁbers behave linearly elastic. The epoxy resin is described by
the nonlinear-elastic model of Ramberg–Osgood. By introducing microcrack models, the damage of the
epoxy matrix under combined tensile and shear loading is taken into account. The cell boundaries of
the micromodel are used to locate microscopic cracks deterministically. Interface models for the repre-
sentation of damage in the matrix phase as well as for the weakening of the ﬁber–matrix-bond are used.
This approach circumvents the need for the regularization, as it would be necessary for continuum dam-
age models with softening characteristics. Hence, the micromodel is numerically stable and convergent.
The GMC allows to obtain the consistently linearized constitutive tensor in the case of nonlinear material
behavior in a simple and straight forward manner which is easily implemented in comparison to
micromodels based on the ﬁnite element technique. The damage evolution on the microscale manifests
itself macroscopically in the degradation of the homogenized stiffnesses.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Structural analysis inevitably requires constitutive models link-
ing the kinematic and equilibrium equations mathematically.
Though, it is not always obvious how to describe a speciﬁc constitu-
tive behavior by phenomenological models appropriately. This
holds particularly in the case of anisotropic composite materials
which show load dependent anisotropic damage evolution and dif-
ferent failure modes. Such materials urge the use of sophisticated
constitutive models that usually come along with a high number
of parameters, which need to be identiﬁed from numerous experi-
ments. In recent years, growing computational performance has
led to a wider application of multiscale methods (see e.g., Aboudi,
2004; Gilat and Banks-Sills, 2010; Geers et al., 2003; Kouznetsova
et al., 2002). Multi- or twoscale approaches are useful for character-
izing the effective constitutive behavior of micro-heterogeneous
materials from the solution of microscale boundary value problems
since they avoid the use of sophisticated phenomenological
descriptions of anisotropic materials with damage. The constitutive
theory (frequently isotropy), used to describe the different phasesll rights reserved.
el.de (A. Matzenmiller).at the heterogeneous scale, is often mathematically less complex
compared to the phenomenological approaches describing the
composite as an anisotropic homogeneous continuum, e.g., unidi-
rectionally reinforced plastics. The anisotropic constitutive behav-
ior at the larger scale results from the interactions of the small
scale components. Micromechanical models, as used here, base on
the concept of the statistically representative volume element
(RVE) (Hashin, 1983; Nemat-Nasser and Hori, 1993), which can be
regarded as a sample of the microstructure found by zooming in
at the vicinity of a large scale material pointM, see Fig. 2. The prac-
tical application ofmultiscale approaches requires numericalmeth-
ods for discretizing and analyzing boundary value problems (BVP)
on each scale under consideration. The macroscopic structural level
is discretized by the ﬁnite element method in this work. Since the
constitutive equations are needed at every integration point of
the macro structural ﬁnite element discretization, the maximum
number of discrete microscale models to be solved is equal to the
total number of integration points of the macro model. Hence, high
numerical efﬁciency of micro modeling is essential. For this reason,
the reformulated GeneralizedMethod of Cells (GMC) is applied here
(Pindera and Bednarcyk, 1999). The original strain-based version of
the GMC by Aboudi (1991) and Paley and Aboudi (1992) has the
potential of a numerically much more efﬁcient reformulation
Fig. 1. RVE with phases X1, inclusions of phase X2 and internal material interfaces
Ci .
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constitutive models, used for the phase materials, be given in a
form, which obtains the strain as a function of stress. The displace-
ment based approach changes through the reformulation into a
stress basedmethod. For higher resolutions of the microscale stress
ﬁelds, the High Fidelity Generalized Method of Cells (HFGMC) was
developed (see Aboudi, 2004; Haj-Ali and Aboudi, 2009; Haj-Ali
and Aboudi, 2010).
In Haj-Ali and Aboudi (2010) the HFGMC is used together with
interface models in order to describe debonding of ﬁbers from the
matrix as well as damage of the phases. Though, the improved res-
olution of the stress ﬁelds by the HFGMC is accompanied by the de-
crease of the numerical efﬁciency, since the number of unknowns of
the HFGMC is comparable to the one of ﬁnite element micro mod-
els. Applying the GMC still seems a reasonable compromise on the
conﬂicting target of ﬁdelity and efﬁciency in context with coupled
two-scale analyses. It is possible to implement a variety of interface
descriptions easily. Among others there may be mentioned the
models of Needlemann (1987), Tvergard (1990), Needleman
(1992), Lissenden (1996a) and Chaboche et al. (1997a). All of these
models have in common a certain ﬁnite bond strength and the total
loss of the ability to transfer interfacial tractions after the displace-
ment discontinuity has surpassed a distinguished limit point.
In Matzenmiller and Gerlach (2004) the GMC is combinedwith a
viscoelastic interface model in order to take into account the rate
dependent ﬂexible bond of glass ﬁbers embedded into a viscoelastic
epoxy resin. The irreversible debonding process of the ﬁbers from
the matrix phase was modeled on the basis of the GMC by Bed-
narcyk and Arnold (2000b), Bednarcyk and Arnold (2000a), Bed-
narcyk et al. (2004) or Lissenden (1996a). Therein, the evolution
of averaged macroscopic stresses is predicted for a unit cell sub-
jected to different macroscopic strains. The paper at hand not only
applies the GMC to calculate macroscopic stress responses to mac-
roscopic strain processes, but furthermore gives a rigorous deriva-
tion of the effective tangential stiffness tensor in closed form. The
latter feature of the efﬁciently reformulated GMC is rarely, if ever,
discussed and given explicitly in the literature. The simple and
highly automated way of applying boundary conditions, homoge-
nizing the stress ﬁelds, computing average material properties
and the easy to handle implementation of the GMC as the constitu-
tive model compared to ﬁnite element based micromechanical
approaches are key features of the GMC. The information from
the macro- to the microscale is transferred by prescribing the
microscopic displacement boundary conditions (BCs) dependent
on themacroscopic strain tensor Mi at the integration point i. Alter-
natively, stress boundary conditions might be formulated in terms
of the macro-stress tensor. In the reverse direction, large scale vari-
ables fM (scalars, vectors or tensors) are commonly deﬁned as the
volume average hfi of the corresponding small scale ﬁeld fmðxÞ:
fM :¼ hfi ¼ 1jVRVEj
Z
VRVE
fmðxÞdV ; x 2 DðVÞ ð1Þ
with x as the position vector of a material point, D as the domain of
the RVE and jVRVEj as the size of D. It is emphasized that deﬁnition
(1) holds for the macroscopic strain only in the case of a continuous
displacement ﬁeld um. Otherwise, the macro-strain is obtained as:
M ¼ hi  1
2jVRVEj
Z
Ci
ðsut nþ n sutÞdA ð2Þ
with internal surfaces Ci ¼ oX1 \ oX2 (normal n ¼ n½1 with respect
to phase X1) and displacement jumps sut ¼ ujoX1  ujoX2 , see Fig. 1
and (Wriggers and Zhodi, 2005). The homogenized effective consti-
tutive tensor, Chom, on the large scale is deﬁned as:
Chom :¼
1
jVRVEj
Z
VRVE
ormðxÞ
oM
dV : ð3Þ2. Microscale modeling
2.1. Discrete approximation of the small scale displacement ﬁeld
The cubic RVE in Fig. 3 with edge lengths d=h=l is divided into
Na  Nb  Nc brick-shaped subcells XðabcÞ  XRVE of size da=hb=lc.
The indices a ¼ 1; . . . ;Na, b ¼ 1; . . . ;Nb and c ¼ 1; . . . ;Nc represent
the consecutive numbering of cells in all three directions in space
(see Matzenmiller and Köster, 2007). The unit base vectors of the
microscale cartesian coordinate system ei are aligned with the lat-
eral faces of the RVE, see Fig. 3. The micro displacement ﬁeld um
within the RVE is approximated piecewisely by a triple set of trilin-
ear ansatz-functions uðabcÞi deﬁned on each subcell domain X
ðabcÞ in
the local subcell coordinates yðabcÞi . The state of strain within each
subcell is speciﬁed by the average subcell strain tensor:
hðabcÞij i ¼
1
jXðabcÞj
Z
XðabcÞ
1
2
ðuðabcÞi;j þ uðabcÞj;i Þ
 
dV : ð4Þ
Discontinuities of the displacement ﬁeld across common bound-
aries (e.g., C ¼ oXðabcÞ \ oXðaþ1bcÞ) of neighboring subcells are not
prevented a priori but taken into account in the average sense as
(Aboudi, 1993):
sð1ÞuðabcÞi t ¼
1
jCj
Z
C
uðaþ1bcÞi  uðabcÞi
 
dC ð5Þ
The boundary conditions are applied in terms of RVE-surface
displacements:
uijoVRVE ¼ Mij yj and yi 2 oVRVE ð6Þ
which depend on the macroscopic state of strain M. The formula-
tion of the GMC permits only homogeneous boundary conditions
as in Eq. (6), while the HFGMC is focused on the less restrictive peri-
odic ones. The two types of boundary conditions are discussed in
Drago and Pindera (2007) and Matzenmiller and Kurnatowski
(2010). It is shown in Matzenmiller and Kurnatowski (2010) that
homogeneous displacement boundary conditions, if used in context
with the GMC, do not lead to unrealistic large stiffnesses. The kine-
matic equations of the cells model (see e.g., Matzenmiller and
Köster, 2007; Matzenmiller and Kurnatowski, 2010; Paley and Abo-
udi, 1992), with a discontinuous displacement ﬁeld read as:
Ah^i þDu^ ¼ KM ð7Þ
Eq. (7) relates the hyper-vector h^i ¼ ½hijiðabcÞ of all average subcell
strains and the hyper-vector u^ ¼ sðjÞuðabcÞi t
n o
of all displacement
ﬁeld discontinuities sðjÞuðabcÞi t
n o
at the cell boundaries to the
macro-strain tensor M. The total number of equations in (7) is
Neq ¼ NaðNb þ 1Þ þ NbðNc þ 1Þ þ NcðNa þ 1Þ. The number of un-
Fig. 2. Schematic sketch of twoscale analysis.
Fig. 3. Discretization of regularly meshed RVE (left) by subcells XðabcÞ (right).
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3ðNbNc þ NcNa þ NaNbÞ and the number of unknown subcell strains,
h^i 2 RN , totals up to N ¼ 6NaNbNc. The six components of the
macro-strain tensor M get involved in Eq. (7) through the matrix
K 2 RNeq6, which depends on the edge lengths of the RVE. The
matrix D 2 RNeqNu includes the size of the subcells and allocates
the displacement discontinuities to the kinematic equations. The
matrix A 2 RNeqN contains the edge lengths of the subcells.
2.2. Continuity of the small scale stress ﬁelds
Evidently, a spatially constant state of strain hðabcÞi in the sub-
cell XðabcÞ results to a constant state of stress, described by the sub-
cell stress tensor hrðabcÞi. Equilibrium of forces at the subcell
boundaries is ensured by demanding for the continuity of subcell
stresses (see Pindera and Bednarcyk, 1999 or Matzenmiller and
Köster, 2007). As a consequence of the continuity requirements,
the average stress state hrðabcÞij i of a subcell can be expressed by
the meta-stresses deﬁned as:
TðabcÞ ¼ TðbcÞ11 T ðacÞ22 TðabÞ33 TðaÞ23 TðbÞ13 T ðcÞ12
n oT
:¼ hrðabcÞ11 i hrðabcÞ22 i hrðabcÞ33 i hrðabcÞ23 i hrðabcÞ13 i hrðabcÞ12 i
n oT
ð8Þ
The hyper-vector hr^i ¼ hrðabcÞi  2 RNr can be linked to the hyper-
vector T^ ¼ TðabcÞ  2 RNT symbolically with the help of the inci-
dence matrix Ir 2 RNrNT :hr^i ¼ Ir T^ ð9Þ
Nr equals the number of unknown subcell strains N. NT is equal to
the number of equations Neq in Eq. (7), both given explicitly in Sec-
tion 2.1.2.3. Conﬂation of kinematic and stress continuity equations by
constitutive models
The hyper-vector of all subcell stresses, hr^i, is mapped onto the
hyper-vector of all subcell strains, h^i, by the matrix S^r 2 RNNr :
hð111Þi
..
.
hðNaNbNcÞi
8><>>:
9>=>>; ¼
Sð111Þ 0 0
0 . .
.
0
0 0 SðNaNbNcÞ
2664
3775
hrð111Þi
..
.
hrðNaNbNcÞi
8><>>:
9>=>>;
h^i ¼ S^r hr^i
ð10Þ
where S^r is the hyper-matrix containing the compliance tensors of
all subcells. Note that the components of S^r may depend on the
stress state in case of small strain nonlinear elasticity, see Eq. (15)
in Section 2.4.1 below. The kinematic Eq. (7) merge with Eqs.
(10), (9) and S :¼ AS^rIr, where S 2 RNTNT , into:
ST^þDu^ ¼ KM ð11Þ
The efﬁciently reformulated version of the GMC, as given here, uses
the NT stresses T^ as the primary variables instead of the N ¼ Nr
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subcell unknowns signiﬁcantly.
The hyper-vector of interfacial stresses, t^ ¼ ðiÞtðabcÞj
n o
2 RNu , is
conjugated to the hyper-vector of displacement discontinuities u^
in Eq. (11). The interfacial tractions ðiÞtðabcÞ ¼ hrðabcÞin with
n ¼ ei depend on the subcell stress tensor and, hence, can be ex-
pressed in terms of the stresses TðabcÞ regarding Eq. (8). The hyper-
vector t^ is given by a subset of the hyper-vector T^ of all subcell
stresses:
t^ ¼ T^ ð12Þ
with the help of the incidence matrix 2 RNuNT . The constitutive
relation
t^ ¼ E^ u^ ð13Þ
between the hyper-vector of all interfacial displacement disconti-
nuities u^ and the hyper-vector of t^ is established by the diagonal hy-
per-matrix E^ 2 RNuNu , the elements of which depend on u^ and
process dependent variables. It contains the 3 3 constitutive
matrices EMMF;EC or EL of the interface models which will be out-
lined in the following Sections 2.4.2, 2.4.3, 2.4.4. Combining Eqs.
(12) and (13) results to:
T^ E^ u^ ¼ 0 ð14Þ
The kinematic relations (11) together with Eq. (14) make up the
nonlinear system of equations of the cells model that has to be
solved iteratively for a given macro-strain process MðtÞ in time t.
2.4. Constitutive models for phase materials, ﬂexible ﬁber–matrix
interfaces and cohesive zones of matrix cracks
2.4.1. Matrix and ﬁber material
The nonlinear stress–strain response of the epoxy resin is de-
scribed by means of the power approach:
ij ¼ 1þ mMEM rij 
mM
EM
rkkdij þ k 32EM sij ð15Þ
which is a three-dimensional generalization of the Ramberg–Os-
good model (Ramberg and Osgood, 1943 or Aboudi, 1991). The
dimensionless factor k ¼ ðreqr0 Þ
ðn1Þ relates the scalar equivalent
stress req ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2 sijsij
q
to the stress like material parameter r0. The
components of the stress deviator are sij ¼ rij  13rkkdij. The expo-
nent nmakes up a material parameter as well as EM and mM. The iso-
tropic linear elastic model of the ﬁbers is obtained by setting k ¼ 0
in Eq. (15)
ij ¼ 1þ mFEF rij 
mF
EF
rkkdij ð16Þ
with Poisson’s number mF and Young’s-modulus EF serving as the
constitutive description for the ﬁber reinforcement.
2.4.2. Mixed mode fracture model (MMF)
Fracture mechanical models like the bilinear traction–separa-
tion approach for mixed mode fracture given in Camanho and Dáv-
ila (2002) are widely used to describe the initiation and growth of
macroscopic cracks, e.g., in the context with delamination analysis
of laminates (see Fiolka, 2008; Matzenmiller et al., 2010). In prin-
ciple, fracture mechanic approaches are suitable to describe the ﬁ-
ber/matrix-debonding as well as the development of micro-cracks
in the matrix phase of composites. Mode I cracks are caused by the
tensile normal stress tn ¼ ðrTenÞ 	 en ¼ t 	 en > 0, while mode II and
III cracks are due to shear stresses tt ¼ t 	 et and tb ¼ t 	 eb. The local
cartesian coordinate system is deﬁned by en normal to the crack
surface and the tangential and binormal unit base vectors et andeb in tangential or binormal direction. Mathematically, the initia-
tion of cracking under general mixed-mode conditions is detected
by the condition tm ¼ 1 with:
tm ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
htni
RI?
 2
þ tt
RIk
 2
þ tb
RIk
 2s
and htni ¼
tn if tn > 0
0 if tn 6 0
	
ð17Þ
The Macauley bracket hi :¼ 1=2ðþ jjÞ is applied to the stress
component tn in Eq. (17) since only the tensile normal stress causes
mode I cracks. The parameters RI? and RIk in Eq. (17) are the tensile
and shear resistances under pure mode I and mode II/III conditions,
respectively. The constitutive equation in the local base system is
stipulated with the penalty-stiffness Kp as:
tn
tt
tb
8><>:
9>=>; ¼ Kp
1 hsuntisunt d
 
0 0
0 ð1 dÞ 0
0 0 ð1 dÞ
2664
3775
sunt
sutt
subt
8><>:
9>=>;
t ¼ EMMF sut
ð18Þ
The penalty stiffness parameter Kp prevents crack opening in the
numerical model before the stress condition tm ¼ 1 is fulﬁlled for
the ﬁrst time. As long as tm ¼ 1 has never been reached, there is
no cracking and the damage variable d 2 ½0;1 has the value
d ¼ 0. In the softening regime, the damage variable at mixed-mode
loading is calculated according to Camanho and Dávila (2002) from:
d ¼ qm u
max
m  uem

 
qm  1ð Þumaxm
ð19Þ
where the parameters qm and uem are deﬁned in the following. In Eq.
(19), the history variable umaxm ¼ max umðsÞjs6t
 
stores the maxi-
mum of the mixed-mode separation um :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hsunti2 þ sust2
q
in the
loading history s < t. Herein, sust ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sutt
2 þ subt2
q
represents the
resulting shear component. In case of sunt > 0, the ratio of mixed
mode deformation b :¼ sustsunt is introduced. In pure tensile and shear
modes, the displacement jumps at the onset of softening are
uen ¼ RI?Kp and ues ¼ uet ¼ ueb ¼
RIk
Kp
, respectively. The interface stresses
in the undamaged regime are tn ¼ Kpsunt and ts ¼ Kpsust with
t2s ¼ t2t þ t2b and sust2 ¼ sutt2 þ subt2. Inserting these terms for the
stresses into Eq.(17) yields:ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sunt
uen
 2
þ sust
ues
 2s
¼ 1 ð20Þ
Out of Eq. (20) in combination with the deﬁnitions for the parame-
ters um, b, and c :¼ u
e
s
uen
, the mixed mode separation uem at softening
initiation reads:
uem ¼
uen
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þb2
1þ bcð Þ2
r
if sunt > 0
ues if sunt 6 0
8<: ð21Þ
The scaling parameter qm in Eq. (19) relates the mixed-mode sepa-
ration at fracture to the one uem at the onset of softening. In Whit-
comb (1986) qm is obtained from the energy condition:
GI
GIc
 g
þ GsGsc
 g
¼ 1 ð22Þ
By inserting the fracture energies GI ¼
R sunt
0 tn dsunt and Gs ¼R sus t
0 ts dsust with ts ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2t þ t2b
q
at complete fracture under mixed-
mode conditions into Eq. (22) it follows that:
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2 1þ b2
 
Kpuem
2
1
GIc
 g
þ b
2
Gsc
 !g" #1g
ð23Þ
The fracture energies GIc and Gsc are parameters of the constitutive
model as well as g.
2.4.3. Initially compliant interface model
The initially compliant constitutive model of Chaboche et al.
(1997b) deﬁnes the traction–separation behavior through a non-
linear functional of the deformation history, i.e.,
t ¼ F s6tðsut; dÞ :¼ ECðdÞsut. Herein, the damage variable d at time
t depends on the separation history D, deﬁned as:
dðtÞ ¼ DðsuðsÞtÞs¼tsP1 :¼minfmaxs6t kuðsÞk;1g ð24Þ
with
kuðsÞks6t ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hsunðsÞti
uI?
 2
þ sutðsÞt
uIk
 2
þ subðsÞt
uIk
 2s
ð25Þ
The parameters uI? and uIk constitute the displacement discontinu-
ities under pure tension as well as under pure shear for which com-
plete decohesion occurs. The Macauley bracket h i in Eq. (25)
prevents damage accumulation due to pressure. The constitutive
equations in the local cartesian coordinate system read as:
tn
tt
tb
8><>:
9>=>; ¼ FðdÞRI?uI?
1 0 0
0 a?k 0
0 0 a?k
264
375 suntsutt
subt
8><>:
9>=>; with a?k ¼ uI?RI? RIkuIk
ð26Þ
and in symbolic notation:
t ¼ ECðdÞsut: ð27Þ
The premultiplier FðdÞ in the constitutive matrix ECðdÞ of Chab-
oche’s model is deﬁned as FðdÞ ¼ 274 1 dð Þ
2 and determines the se-
cant stiffness of a compliant interface. The parameters for the
tensile and shear strength of the bonding are named RI? and RIk.
In the case of compressive normal stress on the interface, the phys-
ically unrealistic intersection of the neighboring phases has to be
avoided. Therefore, the constitutive equation for the normal stress
in Eq. (26) is replaced by tn ¼ Kp suntuI? with the penalty stiffness Kp.
2.4.4. Initially non-compliant interface model
The interface model of Lissenden (1996b), initially assumes a
perfect bond which is numerically put in practice by the constitu-
tive Eq. (28).
tn
tt
tb
8><>:
9>=>; ¼
Kp=uI? 0 0
0 Kp=uIk 0
0 0 Kp=uIk
264
375 suntsutt
subt
8><>:
9>=>; ð28Þ
The continuity of the displacement ﬁeld (i.e., sut ¼ 0) is approx-
imately enforced with help of the penalty stiffness Kp. As in Section
2.4.3, the parameters uI? and uIk represent the displacement jumps
under pure tension as well as pure shear stress at complete failure.
Eq. (28) is permanently replaced by Eq. (26) written symbolically
as:
t ¼ ELðdÞsut ð29Þ
when the scalar stress type history variable tv reaches a value of 1
for the ﬁrst time:
tv :¼min max ktðsÞk;1f g; ð30Þwhich depends on the norm:
ktðsÞks6t :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
htnðsÞi
RI?
 2
þ ttðsÞ
RIk
 2
þ tbðsÞ
RIk
 2s
ð31Þ
of the stress vector in Eq. (28). The functional FðdÞ in Eq. (26) is de-
scribed in Lissenden (1996b) by the polynomial FðdÞ ¼ 13d2þ2d3d of
the damage variable d 2 ð0;1, which is deﬁned on the basis of
Eqs. (24) and (25) given previously. In the case of compressive load-
ing, the phase intersection can be suppressed by replacing the con-
stitutive assumption for the normal stress tn in Eq. (29) with
tn ¼ Kpsunt=uI? as in Eq. (28).
2.4.5. Calculation of macroscopic stresses
After having computed the solution vectors T^jtn and u^jtn of the
coupled nonlinear systems of Eqs. (11) and (14) at time tn in a
step-by-step solution process, the components of the macroscopic
stress tensor hri are calculated algebraically as the surface average
of the subcell stresses TðabcÞ:
hr11i
hr22i
hr33i
hr23i
hr13i
hr12i
8>>>>><>>>>:
9>>>>>=>>>>;
jtn
¼
1
hl
PNb
b¼1
PNc
c¼1hblcT
ðbcÞ
11
1
dl
PNa
a¼1
PNc
c¼1dalcT
ðacÞ
22
1
dh
PNa
a¼1
PNb
b¼1dahbT
ðabÞ
33
1
d
PNa
a¼1daT
ðaÞ
23
1
h
PNb
b¼1hbT
ðbÞ
13
1
l
PNc
c¼1lcT
ðcÞ
12
8>>>>>>><>>>>>>>:
9>>>>>>>=>>>>>>>;
jtn
ð32Þ2.4.6. Calculation of the consistent tangential material operator of the
effective composite
In order to use the cells method as the constitutive model in im-
plicit FE-analyses, the consistently linearized constitutive tensor ~C
of the homogenized material is required. The tensor ~C maps the
rate of the macroscopic strain tensor onto the rate of the macro-
scopic stress tensor by a double contraction of the product:
dhri
dt
¼ ~C : d
M
dt
ð33Þ
where the components of the fourth order constitutive tensor ~C are
given by the partial derivatives of the cell stresses with respect to
the macro strains followed by averaging the results over all
subcells:
~C

tn
:¼ ohri
oM

tn
ð34Þ
In the following, the time index tn will be left out for the sake of
simplicity. The kinematic Eq. (11) in terms of stresses are differen-
tiated with respect to the macro strains:
Sþ eSh i oT^
oM
þD ou^
oM
¼ K with eS :¼ oS
oT^
T^ ð35Þ
Analogously, differentiation of Eq. (14) yields:
oT^
oM
 E^ðd^Þ þ eEh i ou^
oM
¼ 0 with eE :¼ oE^
od^
od^
ou^
u^ ð36Þ
The solution of (36) for the derivatives ou^oM is substituted into the
system of Eq. (35). Hence, the derivatives of the micro stresses
can be calculated with respect to the macro strains:
oT^
oM
¼ Sþ eS þD E^ðd^Þ þ eEh i1 1K ð37Þ
The matrix in (37) is of dimension NaðNb þ 1Þ þ NbðNc þ 1Þþ

NcðNa þ 1Þ  6, containing the derivatives of all cell stresses TðabcÞij
Table 2
Inversely identiﬁed parameters of nonlinear elasticity model for MY750.
Parameter of matrix material MY750
Young’s modulus E (GPa) 3.35
Shear modulus G (GPa) 1.24
Exponent n (–) 9
Comparison stress r0 (MPa) 107.5
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ness components are computed as:
ohr11i
oMij
¼
XNb
b¼1
XNc
c¼1
hblc
hl
oTðbcÞ11
oMij
;
ohr23i
oMij
¼
XNa
a¼1
da
d
oTðaÞ23
oMij
ohr22i
oMij
¼
XNa
a¼1
XNc
c¼1
dalc
dl
oTðacÞ22
oMij
;
ohr13i
oMij
¼
XNb
b¼1
hb
h
oTðbÞ13
oMij
ohr33i
oMij
¼
XNa
a¼1
XNb
b¼1
dahb
dh
oTðabÞ33
oMij
;
ohr12i
oMij
¼
XNc
c¼1
lc
l
oT ðcÞ12
oMij
ð38Þ3. Parameter identiﬁcation
In context with the World-Wide Failure Exercise (WWFE), exper-
imental data on ﬁber reinforced composites was compiled and
published (see Hinton et al., 2004 for further reading). The WWFE
data base is used for the identiﬁcation of the micromechanical
model parameters. First, the parameters of the Ramberg–Osgood
model for the epoxy resin as a bulk material are identiﬁed by
means of an RVE in plane stress conditions. With regard to the ﬁ-
nite strength of the resin, microcracks are introduced, which ap-
pear as displacement discontinuities at all interior subcell
surfaces of the RVE. The traction–separation models of Chaboche
(MC), Lissenden (ML) and the mixed mode fracture approach
(MMF) are applied. The micro model is subjected to macroscopic
tensile and shear strain processes under macroscopic plain stress
conditions. The displacement boundary conditions are given as
functions of the macro strain tensor M. The normal strain compo-
nent M22 and the shear strain 
M
12 shall be given as monotonously
increasing, linear functions of time. The remaining four compo-
nents of the strain tensor are computed incrementally from Eq.
(39):
DM11
DM33
DM23
DM13
26664
37775 ¼ 
A11  1 A12 A13 A14
A21 A22  1 A23 A24
A31 A22 A33  1 A34
A41 A22 A43 A44  1
26664
37775
1
 DM12
A16
A26
A36
A46
8>><>>:
9>>=>>;þ D
M
22
A12
A22
A32
A42
8>><>>:
9>>=>>;
26664
37775 ð39Þ
with the components
½Aij :¼
~S12 ~S

16
~S32 ~S

36
~S42 ~S

46
~S52 ~S

56
266664
377775
~C21 ~C

22
~C23 ~C

24
~C25 ~C

26
~C61 ~C

62
~C63 ~C

64
~C65 ~C

66
" #
of the coefﬁcient matrix and the macroscopic compliance tensor
and ~S ¼ ~C1. Eq. (39) approximately ensures the state of macro-
Table 1
Parameters of epoxy resin MY750 as given in WWFE, Hinton et al. (2004).
Matrix material: MY750
Young’s modulus Em (GPa) 3.35
Shear modulus Gm (GPa) 1.24
Poisson’s ratio mm (–) 0.35
Tensile strength Rtm (MPa) 80
Compressive strength Rcm (MPa) 120
Shear strength Rsm (MPa) 54
Tensile fracture strain tm (%) 2.7
Compressive fracture strain cm (%) 5
Shear fracture strain csm (%) 6scopic plane stress of a composite with ﬁbers in x1-direction. The
unidirectionally E-glass-ﬁber reinforced epoxy resin MY750 is
investigated in the second example below. The ﬁber–matrix bond
is described by means of the constitutive models in Sections 2.4.2,
2.4.3, 2.4.4. The parameters of the bonding equations are identiﬁed
inversely by ﬁtting the overall stress response to the experimentally
found stress data of the composite layer. The elasticity parameters
for the E-glass ﬁbers are taken from Hinton et al. (2004) and com-
piled in Table 5.
3.1. Parameter identiﬁcation for epoxy resin MY750
The WWFE provides information about strength parameters,
fracture strains, elastic moduli as well as stress–strain curves of
unidirectionally ﬁber reinforced composites and, partially, of their
components.The epoxy resin MY750 is characterized in Hinton
et al. (2004) by the parameters of Table 1. The experiments are car-
ried out for pure shear and for uniaxial tensile loading. The size of
the cubic RVE is set to unit lengths d ¼ h ¼ l ¼ 1 lm. The parame-
ters of the physically nonlinear elasticity model, see Section 2.4.1,
are identiﬁed with the help of an initially homogeneous 2 2 2
cells model. The nonlinear elastic approach is assigned to all eight
subcells. The parameters are obtained by ﬁtting the numerical
stress–strain response to the corresponding experimental data,
see Fig. 4. The values in Table 2 are optimized for the simulation
of the shear behavior, because the nonlinearity under shearing is
far more pronounced than under tension. Consequently, the calcu-
lated stress–strain curve in Fig. 4(a) approximates the experimen-
tal shear stress well. In the case of tension, a minor deviation is
noticeable between the numerical solution and the experimentally
recorded data points towards the end of the strain driven process.
In order to take the ﬁnite strength of the resin into account,
cracks are allowed in three orthogonal planes, the locations of
which are deﬁned by the interior subcell surfaces. The evolution
of the crack opening displacements is alternatively described by
the models in Section 2.4.2, 2.4.3, 2.4.4. For a better comparison,
the parameters of the three traction–separation approaches are
chosen such that the fracture energies of all three constitutive
assumptions are equal under single mode conditions. This is
achieved by setting uI? ¼ 2GIc=RI? and uIk ¼ 2Gsc=RIk in the case of
the Lissenden model. The ansatz of Chaboche is equivalent to the
mixed mode fracture model in terms of the fracture energies, if
uI? ¼ 16GIc=9RI? and uIk ¼ 16Gsc=9RIk hold. The strength parame-
ters are the same in any case and are set to the values of the resin
strength obtained from the tests. The identiﬁed and assumed inter-
face parameters are listed in Table 3. The Lissenden model and the
mixed fracture mode approach reproduce the experimental frac-
ture strains tm and csm correctly, see Table 4. The computation with
the model of Chaboche predicts the shear and tensile stress max-
ima at higher macro strains. This is caused by the ﬁnite compliant
interface.
Generally, all computed stress–strain curves in Fig. 5(a) and (b)
can be classiﬁed into two branches. The ﬁrst branch is the harden-
ing part, which ends at the point where the stress value approaches
the strength, see the dashed circles in Fig. 4(a) and (b). Experi-
ments usually do not go beyond this limit. Nevertheless, the
GMC is able to keep track of the softening branch, which means
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Fig. 4. Experimental vs. numerical stress–strain relations without evolution of matrix cracks.
Table 3
Strength parameters, critical crack openings and energy release rates of the interface
models used for MY750.
Parameter Mixed mode fracture
model (MMF)
Model of
Lissenden (ML)
Model of
Chaboche (MC)
RI? (MPa) 80 80 80
RIk (MPa) 54 54 54
uI? (lm) – 0.040 0.035
uIk (lm) – 0.090 0.079
GIc (J=m2) 1.60 – –
Gsc (J=m2) 2.43 – –
Kp (GPa) 500 500 500
Table 4
Calculated effective material properties of the resin MY750.
Matrix GMC/MMF GMC/ML GMC/MC
Tensile strength Rtm(MPa) 80 80 80
Shear strength Rsm (MPa) 54 54 54
Tensile fracture strain tm(%) 2.6 2.6 3.6
Shear fracture strain csm (%) 6.0 6.0 9.6
2410 B. Kurnatowski, A. Matzenmiller / International Journal of Solids and Structures 49 (2012) 2404–2417the degradation of stress under increasing strain in the post frac-
ture regime, see Fig. 5. While the strength parameters RI? and RIk
of the interface models represent the tensile and shear strength
Rtm and R
s
m of the resin, the slope of the softening is adjusted by
the length parameters, fracture energies and the size of the RVE.
Since controlled testing is practically restricted to the ﬁrst branch
up to now, only the material parameters in Table 2 and the
strength values in Table 3 are proven experimentally. Thus, the
ductility parameters uI?, uIk and the fracture energies GIc and Gsc
in Table 3 are chosen such that a short but numerically stable soft-
ening branch without a snap back is obtained.
Typical experimental data1 for the fracture energies of epoxy res-
ins are GIc ¼ 240 J=m2 and Gsc ¼ 1500 J=m2. The use of these values
leads to very stretched softening. This is due to the fact that the mac-
roscopic effective ductility of the softening branch does not only de-
pend on the length parameters of the interface models. Fig. 6 clariﬁes
that the softening branch of the calculated average macroscopic
stress–strain-curves will crucially depend upon the absolute size of1 Private communication by Prof. Dr.-Ing. Ralf G. Cuntze, Augsburg/Germany.the RVE, if displacement discontinuities occur. The length a of the
RVE explicitly determines the macro strain M. The brittleness of
the softening behavior increases with the size of the RVE. Thus, using
the RVE with unit edge lengths, scaling of the ductility parameters is
necessary in order to obtain reasonable results with respect to the
length of the softening branch. Assume the ductility parameters
are identiﬁed for the RVE of size l. Then, the same stress–strain-re-
sponse will be obtained for an RVE of size l, if uI?;k ¼ guI?;k and
GIc;sc ¼ gGIc;sc are corrected by the multiplier with g ¼ ll.3.2. Parameter identiﬁcation for the E-glass/MY750 composite
The E-glass-ﬁber reinforced epoxy resin MY750 serves as the
demonstrative example for a composite material. The elastic mod-
uli of the isotropic ﬁbers are taken from Hinton et al. (2004) as
Ef ¼ 74 GPa and Gf ¼ 30:8 GPa. The ﬁber volume fraction is
v f ¼ 60%. The two simple RVE discretizations QA2-3D with
2 2 2 and QA12-3D with 2 12 12 cells in Fig. 7 are used
to investigate the mesh dependency of the numerical results. The
simple QA2-3D model was proposed by Aboudi (1991) in context
with the ﬁrst formulation of the Method of Cells (MOC). In the
beginning of the simulations, no damage of the matrix and the ﬁ-
ber–matrix bond is detected. Thus, only the hardening part of the
stress–strain relation is active, which is controlled by the elasticity
parameters of the ﬁber and the nonlinear-elastic parameters of the
matrix phase. The GMC simulations are based on the parameters in
Table 5 as input data for the constitutive models of the phase
materials. The numerical results in Fig. 8 for shear and tension re-
veal two facts: Firstly, if parameter set I of Table 5 is applied for the
matrix phase, the GMC approach underestimates the stress re-
sponses compared to experimental results for the shear and tensile
load case. Parameter set I results from the identiﬁcation in Section
3.1. The computed shear stress s12 at shear strain c12 ¼ csm ¼ 4% is
about 12% too low. Secondly, the stress–strain relations will re-
main almost unaltered, if the mesh size is reﬁned from 8 (QA2-
3D) to 288 (QA12-3D) subcells. Hence, the improved geometrical
approximation of the physical ﬁber shape does not affect the pre-
dicted average stress responses signiﬁcantly. However, with the
modiﬁed values of the parameter set II, the stress–strain curve is
reproduced with sufﬁcient accuracy. The numerical values of the
effective macroscopic tensile and shear stiffnesses are compared
to the experimental values in Table 6. Set II represents the mi-
cro-model dependent parameters of the resin component. The dif-
ference between the experimental and calculated data with the
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Fig. 5. Experimental vs. numerical stress–strain relations with evolution of matrix cracks.
Fig. 6. Inﬂuence of the absolute dimensions of the RVE on the effective stress–strain-relation.
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on the stress, imposed by the GMC approach, lead to constant
stress levels in the subcell rows and columns of the discretized
RVE. Hence, the predicted stiffness values of the GMC-model tend
to lie in the proximity of the lower bounds for the effective elastic
parameters derived by Reuss (1929). Furthermore, the material
data in Hinton et al. (2004) for the ﬁbers are not determined by
testing the ﬁber’s behavior directly. They are identiﬁed inversely
from the composite properties by means of unspeciﬁed micro-
mechanical models. Therefore, the material data for the ﬁbers will
predict the effective stiffness values correctly, if the same micro-
mechanical model is used.Fig. 7. Discrete RVE: QA12-3D (d = h = l = 2 lm) and QA2-3D (d = h = l = 1 lm).For the simulation of failure in brittle composite materials un-
der transverse tension and axial shear, interface models for ﬁber
matrix debonding and matrix micro-cracking are integrated into
the RVE. In the case of the QA2-3D model, all subcell boundaries
inside the RVE except of the contact area between the two ﬁber
cells may separate, soften and ﬁnally break. The parameters for
the three interface models with damage for matrix cracking and ﬁ-
ber matrix debonding are assembled in Table 7. The superscript b
denotes ﬁber matrix bond parameters whereas moduli with the
superscript m are used to describe matrix cracks. The values for
the strength parameters are adjusted with respect to the ones in
Table 3 in order to predict failure of the composite in accordance
with the experimental data of the WWFE. The implementation of
three constitutive approaches for two types of damage (i.e., matrix
cracking and ﬁber–matrix debonding) allows 32 possible pairings
of interface models to describe failure of ﬁber composites. In orderTable 5
Elasticity parameters for the cells model.
Material parameter MY750 E-glass
Parameter set I Parameter set II
Young’s modulus E (GPa) 3.35 4.9 74
Shear modulus G (GPa) 1.24 1.9 30.8
Exponent n (–) 9 9 –
Comparison stress r0 (MPa) 107.5 117.5 –
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Fig. 8. GMC-simulations without damage vs. experimental results.
Table 6
Elastic moduli of ﬁber reinforced composite E-glass/MY750.
Parameter GMC/QA2-3D Experimental
Parameter
I
Parameter
II
data
Fiber volume content v f (%) 0.6 0.6 0.6
Transversal Young’s modulus E2
(GPa)
14.6 16.7 16.2
Axial shear modulus G12 (GPa) 4.0
a 6.1a 5.83a
a Initial modulus.
Table 7
Input parameters of interface models for RVE QA2-3D.
RVE QA2-3D Mixed mode fracture
model (MMF)
Model of
Lissenden (ML)
Model of
Chaboche (MC)
Fiber/matrix
RbI? (MPa) 48 48 48
RbIk (MPa) 77 77 77
ubI? (lm) – 0.004 0.006
ubIk (lm) – 0.12 0.107
GbIc (J=m2) 0.096 – –
Gbsc (J=m2) 4.62 – –
Kbp (GPa) 500 500 500
Matrix/matrix
RmI? (MPa) 15 15 15
RmIk (MPa) 60 60 60
umI? (lm) – 0.004 0.006
umIk (lm) – 0.12 0.107
GmIc (J=m2) 0.03 – –
Gmsc (J=m2) 3.60 – –
Kmp (GPa) 500 500 500
2412 B. Kurnatowski, A. Matzenmiller / International Journal of Solids and Structures 49 (2012) 2404–2417to keep the number of simulations small, the same model approach
with parameters as given in Table 7 is used for matrix cracking as
well as ﬁber matrix debonding. The stress–strain responses, calcu-
lated with the RVE of type QA2-3D, are plotted in Fig. 9 for shear
and tension in all three cases of interface models. The tensile
strength of the ﬁber matrix bond is set to RbI? ¼ 48 MPa which is
less than the experimental value for the resin (Rtm ¼ 80 MPa). The
bond strength RbI? determines the macroscopic tensile strength
Rt? transversal to the RVE. The tensile strength R
m
I? of the matrixis reduced from 80 MPa to 15 MPa with the same argumentation
as in the previous section for the purpose of a monotonic softening
behavior. Keeping the matrix tensile strength at RmI? ¼ 80 MPa
yields stress strain curves as in Fig. 10 showing a doubtful second
(lower) stress maximum. Stress concentrations in the matrix phase
occur physically in the vicinity of debonded ﬁbers. This effect can-
not be captured by the GMC. Hence, it seems reasonable to reduce
the tensile strength of the resin as the ﬁller phase compared to the
one for the bulk material. Due to the lack of knowledge about the
actual softening behavior, the choice of the ductility parameters is
unavoidably based on suppositions. In Table 8 the computed values
for the effective strength and fracture strains are given and may be
compared to each other. The tensile and shear fracture strains
t? ¼ 0:24% and c?k ¼ 4% from experiments are reproduced cor-
rectly by the mixed mode fracture model (MMF) and the model
of Lissenden (ML). The effective fracture strains of the Chaboche
approach (MC) are too high, if the fracture energy is chosen equally
for all models.
3.3. Combined tension/shear-loading of E-glass ﬁber reinforced epoxy
resin MY750
In part A of theWorld-Wide Failure Exercise, experimental data is
provided for the strength and stiffness parameters of various ma-
trix and ﬁber materials and for the reinforced composite. This pro-
vided data underlay the parameter identiﬁcation in the previous
section. In part B of the World-Wide Failure Exercise, test results
for mixed stress states in tube samples are presented. The strength
results for the combined loading of the composite E-glass/MY750
under transverse tension and axial shear are determined by the
cells model and compared to the associated test data. The GMC-
calculations are based on the RVE of type QA2-3D in the state of
plane stress, which is subjected to combined strain processes as
in Eq. (39) with different ratios of D22=D12. The calculated frac-
ture curves in the s12  r22 stress plane are compared for the
stress-separation approaches according to Lissenden (ML), Chab-
oche (MC) and the mixed mode fracture model (MMF) together
with experimental results in Fig. 11. The measured strength data,
marked as black squares for a unidirectional reinforced sample of
E-glass/MY750-resin with ﬁber volume ratio v f ¼ 60%, correspond
to the information given in part A of the World-Wide Failure Exer-
cise and stem from Krauss and Schelling (1969). The data points,
marked by blanc squares, show the strength data of the composite
material E-glass/LY556 (v f ¼ 62%) at mixed states of biaxial stress
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Fig. 9. Effective shear and tensile stress response of RVE QA2-3D with ﬁber/matrix debonding and matrix cracking.
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Table 8
Strength and fracture strains of E-glass/MY750 composite.
Parameter GMC/QA2-3D Experiment
MMF ML MC
Transversal tensile strength Rt? (MPa) 39.91 39.97 40.47 40
Axial shear strength R?k (MPa) 72.64 72.83 73.08 73
Transversal tensile fracture strain t?
(%)
0.233 0.241 0.442 0.246
Axial shear strain at fracture c?k (%) 4.02 4.26 8.10 4
Fig. 11. Calculated fracture curves compared to experimental results.
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together in Hinton et al. (2004) to describe the experimental frac-
ture curve of the composite material E-glass/MY750 under mixed
loading. The calculated strength data for uniaxial tension and pure
shear match the values in Krauss and Schelling (1969). For the
three different interface models, the parameters in Table 7 are
used, which predict the strength data of the composite at axial ten-
sile and pure shear stress according to Hütter et al. (1974). The
parameters for the ﬁber and matrix material (parameter set II)
can be found in Table 5. For the mixed load cases, the calculatedresults overestimate the measured strength values of the compos-
ite under combined loading. The numerical results for the strength
values, obtained with the model of Lissenden and the mixed mode
fracture model, are close to each other. The fracture curve, deter-
mined on the basis of the Chaboche approach, shows the highest
strength compared to the two other models under combined
loading.
4. Failure analysis of ﬁber composite structures with ﬁnite
elements
The Generalized Method of Cells is implemented as the consti-
tutive model into the ﬁnite element code FEAP (Taylor and Zie-
nkiewicz, 1989), and used with the enhanced 3D-solid
displacement element as outlined in Matzenmiller and Fiolka
(2007). The ﬁber orientation can be deﬁned for arbitrary angles
with respect to the global coordinate system. The stepwise implicit
FE analysis for the macro structure is performed iteratively by
using the Newton/Raphson algorithm for the solution of the non-
linear algebraic material equations in each time step and at each
integration point.
Table 9
Boundary conditions of load cases.
Load case Fiber angle H Prescribed deformation
LC 1 90
 u3ðx3 ¼ lÞ ¼ 0:3 mm
LC 2 90
 uuðx3 ¼ lÞ ¼ 4 mm
2414 B. Kurnatowski, A. Matzenmiller / International Journal of Solids and Structures 49 (2012) 2404–2417Softening of a material is characterized by the decrease of stress
at an increase of strain. From a mathematical point of view, a de-
crease of stress at increasing strain in combination with rate inde-
pendent material models means that the type of the partial
differential equation for the displacements of a deformable contin-
uum changes. In static analysis, the elliptical differential equations
for the displacements turn into hyperbolic ones, whereas in dy-
namic calculations the second order hyperbolic differential equa-
tions change to an ultra-hyperbolic system (Garabedian, 1999).
The result is that the mechanical task in the softening case is put
the wrong way, because the boundary and initial conditions for
one type of a differential equation are not suitable for the other
one. If such a material model is taken as the constitutive approach
for the FE-analysis, the iterative calculation will either abort at the
onset of softening due to non-convergence or will continue in a
pathological mesh-dependent way with non-reproducible approx-
imation solutions in the sense of the ﬁnite element method. The
calculation gives back results, which depend on whether or not
the damage in dependence of the numerical inaccuracies of the
iterative solution algorithm appears in one, several or all elements.Fig. 12. FE-model of thin-walled
a b
Fig. 13. (a) Tension r33 in load case 1 anIn order to cope with this, regularization techniques are needed
(see Needleman, 1988; Valanis, 1985 or Aifantis, 1987; Kouznets-
ova et al., 2002; Geers et al., 2003). The method, recently described
in Belytschko et al. (2008), is planed to be used together with the
GMC/FEM twoscale model. Regularization is needed for the macro-
scopic model only. The microscopic model is stable and convergent
due to the use of interface models locating damage on fracture
planes.4.1. Thin-walled tube
The thin-walled, single-layered composite tube in Fig. 12 serves
as a veriﬁcation example for the coupled twoscale analysis. The in-
ner and outer diameters of the tube are ri ¼ 16:5 mm and
ra ¼ 18:5 mm with a tube length of l ¼ 100 mm. The angle of the
ﬁlament winding relative to the cylinder axis x3 is denoted by H.
The composite consists of the E-glass-ﬁber reinforced epoxy resin
MY750 with a ﬁber volume content of v f ¼ 60%. The parameters
for the phase materials, as well as the parameters of the interface
model according to Lissenden for the ﬁber–matrix-bond and ma-
trix fracture are taken from Table 5 (set II) and 7. The values are ta-
ken from the identiﬁcation as discussed in the previous section.
The FE mesh consists of 36 elements in circumferential direction
and one element through the thickness of the layer. The axial
direction is discretized by 10 elements. Along the boundary at
x3 ¼ 0, the degrees of freedom for u3 and uu are constrained, where
u3 is the axial and uu the tangential displacement component, seetube with 12 8 elements.
d (b) shear stress su3 in load case 2.
Fig. 14. FE-model of cross-ply laminate: longitudinal view and cross section.
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Fig. 15. Diagrams of average stress vs. longitudinal (xx) and transverse strain (yy)
of cross-ply laminate under uniaxial tension in x-direction with experimental
results, taken from Hinton et al. (2004).
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versus time at the far end of the tube at the edge with x3 ¼ l, see
Table 9. In load case 1 (LC1), the ﬁbers run in circumferential direc-
tion (h ¼ 90
). The tube is stretched up to the ﬁnal deﬂection of
u3ðlÞ ¼ 0:3 mm in axial direction. The ultimate displacement is ap-
plied incrementally over 100 time steps. The load mainly causes
the normal stress r33 acting perpendicular to the ﬁbers.
Fig. 13(a) depicts the tensile stress r33 versus the prescribed dis-
placement relative to the tube length, u3ðlÞ=l. Up to the stress level
of rmax33 ¼ 40:5 MPa, the normalized load-displacement diagram of
Fig. 13(a) is approximately linear. Fig. 13(a) matches with
Fig. 9(b) and the identiﬁed data in Table 8 and, hence, the imple-
mentation of the GMC in the FE-Code may be considered as veri-
ﬁed, because both the tensile strength perpendicular to the ﬁber
and the fracture strain of the composite are predicted correctly.
After reaching the strength limit, the stress–strain-diagram devi-
ates from the FE-simulation. This departure is caused by the loss
of ellipticity as discussed above. In load case 2, the ﬁbers run also
in circumferential direction of the tube, however, a path-controlled
torsional deﬂection, deﬁned at the tube end, is applied by prescrib-
ing uuðx3 ¼ lÞ at the far end as a ramp function of time. The two-
scale simulation is performed again at 100 implicit time steps.
The ultimate rotation angle at the end of the tube amounts to
0.25 rad. The prescribed deformation causes a homogeneous tor-
sion stress in the tube. Hence, the composite is exposed to an axial
shear loading due to the ﬁber orientation. The development of the
shear stress due to torsion is shown in Fig. 13(b) as a function of
the tube’s end deﬂection. The load bearing capacity of the tube
under torsional loading is reached for the shear stress at s3u 
70 MPa at the twist uu=rm ¼ 0:228 with rm ¼ ðri þ raÞ=2. Hence,
the hardening branch of the computed stress–strain relation inFig. 9(a) is reproduced well. Due to the loss of ellipticity, the onset
of softening in load cases 1 and 2 is accompanied by the loss of
convergence. Hence, the numerical results are usable only up to
the level of loading at which one of the stress components reaches
the corresponding macroscopic strength value.
4.2. Cross-ply laminate under uniaxial tensile loading
The cross-ply laminate [0/90/90/0] made of E-glass/MY750 with
v f ¼ 0:62 is used to validate the two-scale approach. The test spec-
imen’s length is lx ¼ 200 mm, the width ly ¼ 25 mm and the total
thickness of lz ¼ 4 0:475 ¼ 1:9 mm. The ﬁber direction in the
outer layers coincides with the loading direction. The FE-model
in Fig. 14 consists of three solid elements. The boundary conditions
imposed on the nodal displacements do not constrain lateral
extensions of the specimen. The homogenization is performed with
the RVE of type QA2-3D. The simulation is controlled by the dis-
placement ux given at the right end with lx ¼ 200 mm. In Fig. 15
the average laminate stress rxx is plotted versus the average strain
xx ¼ ux=lx as well as versus the lateral average strain yy ¼ uy=ly
with the y-coordinate axis perpendicular to the loading direction.
At the average longitudinal stress rxx ¼ 116 MPa, ﬁrst cracks per-
pendicular to the loading direction are observed experimentally
in the embedded layer with ﬁbers in 90
 direction, causing a slight
reduction of the laminate tensile stiffness, represented by the small
kink in the stress–strain diagram. At rxx  325 MPa, cracks occur
parallel to the loading direction at the outer layers (see Hinton
et al., 2004). The damage is due to the tensile stress ryy resulting
from the lateral strain yy which is obstructed by the large stiffness
of the inner layers in loading direction. At rxx  600 MPa, ﬁnal fail-
ure of the laminate is provoked by tensile ﬁber fracture in the
upper and lower layer.
The green curves in Fig. 15 are calculated with the two-scale ap-
proach by using the UD-parameters for the composite material as
given in Section 3.2, see parameter set II in Table 5 and Table 7. Be-
yond the stress level of rxx  80 MPa, the softening of the embed-
ded layer causes a physically premature decrease of the computed
laminate stiffness. It is a matter of common knowledge that the
constitutive behavior of a single UD-layer differs from that of the
same layer being part of a laminate structure (see Cuntze, 2006).
Experiments reveal that the embedded lamina withstands higher
loading than the isolated layer. Hence, underestimating the stiff-
ness of the laminate is not unexpected, if UD-parameters are used
for the prediction of the overall behavior of a multilayer composite.
Longitudinal cracks at the covering layers do appear too early, here
at an at average stress of rxx  300 MPa and lead to the loss of con-
vergence of the computation.
Alternatively, if the matrix and the bond stress limits are set
equal to the bulk strength of the resin, as shown in Table 1, the
blue stress–strain-curves in Fig. 15 are predicted for the mechani-
cal response of the cross-ply laminate. Obviously, the inﬂuence of
damage in the embedded layer on the decrease of the laminate
stiffness is portrayed quite well. The ﬁnal failure simulation of
2416 B. Kurnatowski, A. Matzenmiller / International Journal of Solids and Structures 49 (2012) 2404–2417the composite, caused by ﬁber fracture in the outer layers, is not
part of the micromodel at hand but might be easily incorporated
into the cell’s ansatz by deﬁning additional fracture planes in the
cross section of the ﬁbers.
5. Summary and concluding remarks
In this contribution the efﬁciently reformulated version of the
Generalized Method of Cells is used as the constitutive model for
unidirectionally reinforced composites in the context of multiscale
methods. The macroscopic behavior is predicted by using a nonlin-
ear elastic formulation for the epoxy resin and a simple linear elas-
tic model for the ﬁbers. The evolution of damage is covered by
introducing ﬂexible interfaces describing microcracks and ﬁber
debonding at the micro heterogeneous level. The strength values
and stiffness parameters of the constitutive models, used to de-
scribe the mechanical behavior of the phases, are taken directly
from literature (Hinton et al., 2004), whereas the interface param-
eters are inversely identiﬁed with the help of the experimental
data published as part of the WWFE. In recent times, a multitude
of work has been published on the subject of homogenization
and multiscale simulations. Most of these papers use the ﬁnite ele-
ment method for the discretization of the small scale boundary va-
lue problem. Usually, rather ﬁne meshes are used for the micro
level analysis of a single RVE to obtain highly resolved ﬁelds of
stress and strain. However, if the average macroscopic behavior
needs to be approximated in simultaneous micro-macro computa-
tions, the numerically most efﬁcient model is mandatory, since
homogenization is performed at maybe hundreds or thousands of
integration points of the large scale ﬁnite element model. The prac-
ticality of multiscale methods is crucially limited by the efﬁciency
of the micromodel. The submitted paper shows the high numerical
efﬁciency of the reformulated GMC approach which allows to
homogenize composite materials with nonlinear behavior on
coarse meshes with an accuracy of the predicted average constitu-
tive behavior on the large scale sufﬁciently well. The numerical
implementation of the multiscale approach has been veriﬁed by
analyzing a single-layered thin-walled tube under homogeneous
tensile and shear stress loading. The cross-ply laminate under uni-
axial tension is used as the ﬁrst example for the validation of the
GMC. Further validation has to be done with test data, taken from
non-homogeneous states of stress in multi-layered composites. In
order to trace the solution path into the post failure regime, the
loss of ellipticity has to be treated by applying methods of
regularization.
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